NONLINEAR TRANSFORMATIONS OF VOLTERRA
TYPE IN WIENER SPACE()

BY
R. H. CAMERON anp R. E. FAGEN

1. Introduction. In a previous paper by Cameron and Martin [2](2), the
behavior of Wiener integrals under transformations of the form

(1.1) T: y(1) = () + A(x| )

was studied, and theorems giving a formula for the transformation of Wiener
integrals (in particular, Theorem A below) were obtained, where A(x|t) was a
(generally nonlinear) functional depending on the function x and the number
¢ and satisfying certain smoothness conditions. (The number ¢ ranges over the
interval 7: 0=¢ =<1, and the function x ranges over a measurable set I of the
space C of continuous functions on I which vanish at ¢=0.) The primary
smoothness condition on A was that it be of smooth variation in a Hilbert
neighborhood of each point of the set I', according to the following definition.

DEeFINITION 1. A functional A(xlt) defined on SQI, where S is a convex
subset of C open in the uniform topology, will be said to be “of smooth variation”
if its first variation

d
(1.2) 6A(xlt|y) E;’;A(x+vy|t).,_o
exists for all (x, t, v) in SQIQC and is representable in the form
1
(1.3) @il ) = [ Kelu9yas,  @muyESOIBC
0

where K (x] t, s) 1s continuous in (x, t, s) throughout S® I* (continuity in x be-
ing understood in the uniform topology). The functional K (xl t, s) will be called
“the kernel of the variation of A(x|f).” It is of course the classical Volterra
derivative of the functional A. (See [3, p. 49].)

It turns out, however, that the functionals A which are of the “Volterra
type,” i.e., which depend on integrals with variable upper limit, do not usually
satisfy the condition, though they may satisfy all but the continuity condi-
tion on K. Thus, if
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(1.4) A(x|1) = f S, 5, (s))ds
where f(¢, s, u) and fu(t, s, #) are continuous in I2Q (— «, »), we have
inaln ) = [ 1uh s s)y6)as,

which can be written in the form (1.3) if

«(t, s, 2(s f0=ss<t=1,
(1.5) K(xlt,s>={f( ) .
0 f0st<s=1.

But this shows that (1.4) cannot be of smooth variation unless f satisfies the
highly artificial condition

(1.6) Jults t, () = 0

for t&1I and each x in S.

In order to be able to handle functionals of the form (1.4) which do not
satisfy (1.6), we shall consider in this paper functionals of semi-smooth varia-
tion, defined as follows.

DEerINITION 2. A functional A(xlt) defined on SQ®I, where S is a convex
subset of C open in the uniform topology, will be said to be “of semi-smooth varia-
tion” if its first variation (1.2) exists for all (x, ¢, y) in SQI®C and is repre-
sentable in the form (1.3), where

K‘(xlt,s) when 0 St <s=<1,
1.7 K(x] L s) = 2‘1K1(x| ts) + 2‘1K2(x' ¢ s) when 0 S s=1=1,
Kz(xlt,s) when 0 S s<t=<1,

and K' and K* are continuous in (x, t, s) throughout S® {0 = t§s§1} and
S®{0=<s<t=1 } respectively (continuity in x meaning continuily in the uni-
form topology). Again, K is “the kernel of the variation of A.”

It is clear that the functional (1.4) satisfies this definition if .S is a uni-
form sphere and if in (1.5) we put K(xlt, t)=2"Y, (¢, ¢, x(t)); and this illus-
trates the fact that the class of semi-smooth functionals is considerably wider
than the class of smooth functionals. (We shall later see that the convention
in (1.7) which requires the value on the diagonal to be the average of the right
and left limits is not merely arbitrary, but actually plays an important role in
simplifying our transformation formula. )

In this paper we shall so extend the transformation formula of [2] that it
can be applied to transformations involving functionals of semi-smooth varia-
tion. Moreover our results will be more general from another standpoint which
is likely to be important in applications; namely, we shall require only that
our conditions on A(xlt) and K (x[ ¢, s) shall hold in a uniform neighborhood
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of each point of our region under consideration instead of a Hilbert neighbor-
hood. It is interesting that the very methods of attack we use in dealing with
the primary generalization to functionals of semi-smooth variation also yield
this relaxation of the topological requirements. Since the statement of the
earlier theorem involved both topologies in an essential way, the present
theorem is not only more general but also simpler and less confusing. Finally,
it will be noted that this same method of attack permits us to make less re-
strictive requirements on the kernel K.

TERMINOLOGY AND NOTATION. It shall hereafter be understood that all topo-
logical terms are to be interpreted in the uniform topology for C unless otherwise
specified. The Hilbert and uniform norms will be denoted respectively by || ||
and H | |||. Moreover Stieltjes integrals are to be interpreted as Riemann-
Stieltjes integrals unless otherwise specified. Finally, derivatives will be denoted
by the differential notation or by subscripts—never by primes. Thus, in this
paper x(t) and x'(t) are simply two unrelated functions. The same applies to
sets, where S and S’ may be any two unrelated sets.

In order to obtain a result of any sort under the new conditions, it has been
found necessary to introduce a new concept, which is in a certain sense a
modification of the Stieltjes integral.

DEFINITION 3. Let F(xl t) be a functional defined for x and ton SQ® I (where S
is an open subset of C) and integrable in t for each x. Let x. be the lower e-smooth-
ing of x:

(1.8) x(t) = 1 x(s)ds [x(t) = 047t < 0]

€ t—e

and let F.(x|t) be the upper smoothing of F (xt' 1):
1 t+e

(1.9) Fux|t) = — f F(s.| 5)ds
€ t

(where F(xls) is understood to be constant for s on 1<s< o and fixed x).
Then we define “the functional principal value of the Stieltjes integral of F
with respect to x(¢)” to be the following limit, if it exists (as a finite number):

(1.10) f lF(xI fd*x(t) = lim f 1F,(x]t)dx(t).

This definition of course leads to the question of existence and interpreta-
tion. The following two theorems which we shall prove in §2 supply informa-
tion sufficient for our purposes in the discussions to follow. Theorem 1 deals
with the general F (xl t) satisfying rather strong smoothness conditions, while
Theorem 2 deals with a more specialized F (xl #) (a type arising in connection
with the application of the transformation theory to (1.4)), under less restric-
tive smoothness conditions.
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THEOREM 1. Let F(x|t) be defined on S®I, where S is a neighborhood of a
fixed point xo&C, let F(x| t) be integrable in t on I for each xE S, and let F (xl 1)
be continuous in x at x =xo. Then we have

(1.11) f Pl | 98 malt) = fo ' Fan| a0,

provided that [3F(x|t)dx(t) exists for €S and is continuous at x=x,. In par-
ticular, this condition will be fulfilled if F (xl t) is of bounded variation on I for
each xS and var,cr [F(x|t)— F(xo|£)] =0 as x—w.

THEOREM 2. If F (xl 1) =f(t, x(t)), where f(t, u) and df(t, u)/0t are continu-
ous in (t, u) on IQ(— x, ), then the functional principal value of the Stieltjes
integral of F with respect to x(t) exists for each x © C and has the value

(1.12) f F(xl na*x(t) = g(1, x(1)) --f g:(t, = (8))dt,
where

1.13 3 = ‘ , v)d

(1.13) e ) = [ s vav

and

ge(t, u) =0ag(t, u)/ot.

We now state the most important results of this paper, which are two
transformation theorems; Theorem 3 being a local theorem and Theorem 4
the corresponding nonlocalized theorem.

THEOREM 3. Let S, be a sphere in C with center xo and let A(x] t) be of semi-
smooth variation in SoQ® I with kernel K (x| t, s). Let A and K satisfy the follow-
ing seven conditions:

(1.14.1) A(xl t)EC when xES, and A,(x| t) -=‘6A(x| t) /0t exists and is con-
tinuous in (x,t) on So®1I.

(1.14.2) K(x|0, s) =0 for (x, 5)ES,®(0, 1].

(1.14.3) For each fixed tE1, ”K(xll t,-) —K(le t,- )||—>0 uniformly x1, X2 €Sy
as Hlxl—le l |—>0.

(1.14.4) K(x|¢, s) is bounded for xCS, and s, tE1.

(1.14.5) D(xo)#0; where D(x) denotes the Fredholm determinant

K(x| S1y 81) -+ - K(xl Sty S»)

LI | 1 1
D(x) = 1 + Z ——f -(y.). f ............. dsl D dsy.
0 0

y=1 v!
K(xl Sey S1) - K(xI Svy S»)

1
(1.14.6) f Alx| t)d*x(t) exists for almost all x € S..
0
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(1.14.7) f I:_é; Ag(xl t)] dx(t) is defined and bounded below in (x, €)
0

on So® (0, €) for some positive €, <1/2.

Then there exists a sphere S with center xo such that if I' is any Wiener
measurable subset of S, its transform TT by the transformation T of (1.1) s
Wiener measurable. Moreover if F(y) is any Wiener measurable functional on
TT that makes either side of the following exist, both sides exist and they are
equal:

w

w 1
POy = [ R+ G| ) e {2 J sl oz

(1.15)
- fo [At(x]t)]th} | D(x) | duw.

We call attention here to the fact that this formula holds by virtue of the
convention that on the diagonal s=¢, K is the average of K! and K2 The
value of the determinant actually depends on the value of K on the diagonal,
and a different convention would render the formula (1.15) incorrect.

THEOREM 4. Let I' be any Wiener measurable subset of C, and assume that
the transformation T of (1.1) takes I into TT in a 1-to-1 manner and that A s of
semi-smooth variation in So@ I for a neighborhood So=S(xo) of each point xo of
T'. Assume further that the conditions (1.14.1)-(1.14.7) hold in S, for each
xo&EL. Then TT is also a Wiener measurable set; and if F(y) is ¢ Wiener measur-
able functional that makes either side of (1.15) exist, they both exist and are equal.

Our method of attack in proving these transformation theorems will be
the following. We shall apply the results of the previous paper [2] to a family
of “smoothed” transformations which we shall show satisfy all the hy-
potheses of Theorem V of that paper. By a limiting argument we shall show
that this yields the desired formula locally under slightly more restricted con-
ditions on K(x|¢, s). This result (Theorem 3a) then leads to a correspond-
ingly restricted form of Theorem 4 (Theorem 4a), by an argument identical
with the one used in [2] to obtain its Theorem V from its Theorem IV. A sec-
ond application of the “smoothing” argument leads from Theorem 4a to
Theorem 3; and Theorem 4 follows from 3 in the same way that 4a followed
from 3a.

The authors wish to thank W. T. Martin for checking our results at an
intermediate stage.

2. Functional principal values of Stieltjes integrals. We now proceed to
establish Theorems 1 and 2.

Proof of Theorem 1. Let
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@.1) Ge[x] = f P )

whenever the functional F and the function x are such that the Riemann-
Stieltjes integral exists in the ordinary sense. Then it is clear that

1
Gre[z] = f F(x| )dx()
exists in some neighborhood of x, for F, is the smoothing of F(x.lt) and is

hence absolutely continuous. Moreover, integrating by parts and using the
fact that F(xls) F(x| 1) on 1=55< «, we have

Grelx] = —f f F(x.l s)dsdx(t) = —-f F(x.| s)ds- x(1)
- %f x(t) [F(xe| t + &) — F(x.| 0)]dt
= F(x.| 1)x(1) — ifmx(t — &F (.| t)dt+lfl x(OF (x| t)ds

1 1+e -
= ——f [2() — «(t — ¢ )F(x.] t)at
eJo
provided we define x(¢) to be constant on <0 and on 1 <¢. Thus

Grx] = f l+eF(x¢| dx(t),

1+e

1+
Gre[z] — Gr[x] =f F(x.[ tdx(t) = F(xel 1) dx(t)

= F(xe| 1) [2(1 + ¢) — 2(1)].
Since x¢—x and F(xl 1) is continuous at x =x,, we have

(2.2) lim {Gre[%0] — Gr[xo,c]} = 0.
«—0+

But by hypothesis, Gr[x] is continuous at x = x, and hence
(2.3) lim Gr[xo,e] = Gr[x];
0+

and (2.2), (2.3) with (1.10) and (2.1) imply (1.11). Thus the first part of the
theorem is established, and the second part follows from the fact that

Gr[x] = F(x| 1)2(1) — f l x()dF (x| 1),
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since this implies that
|Ge[x] = Grlxo]| < | F(2]| 1)2(1) — F(xo| 1)xo(1) |
111 = o] |] var [F(so 0]

+111 #[[]yar =] ) = Fza| ).

Thus Theorem 1 is established.

Proof of Theorem 2. By hypothesis it is clear that F(xl 1) is continuous
for each x in C, and from the proof of Theorem 1 it follows that (2.2) holds.
Thus, to establish (1.12) it only remains to show that

2.9 lim Ge[x] = g(1, 2(1)) — f 2ty 5(0))de.
0+ 0

We first note from (1.13) that g(¢, 0) =0 and g.(¢, #) =f(¢, «) and that g.(¢, )
= [ofi(t, v)dv. We now have
dx(t)

dt

dt

&M=LFWMM@=Lh@Mm

fo l {% gt %(2)) — gults x.(t))} i

1

= g(1, (1)) — fo gi(t, x(2))dt.

Thus clearly (2.4) (and hence (1.12)) follows.
3. Statements of earlier results. Since we shall rely quite heavily on the
statement of Theorem V of [2], we shall state it here in complete detail.

THEOREM A. Let I' be any Wiener measurable subset of C, and assume that
the transformation (1.1) takes T' into TT in a 1-to-1 manner, and that A s of
smooth variation in a Hilbert neighborhood H(x,) of each point xo of I'. Assume
further that the following eight conditions hold in H(x,) for each x(&I':

3.1.1) A(x| )ECand A;(xl t) exists and is of bounded variation in t on I for
each xE H(x,).

(3.1.2) K(x|0, s) =0 for (x, s) S H(xo) ®I.

(3.1.3) || K (21| t1,) — K (3] t3, - )|| =0 umiformly for t,, t; €I and %1, x2S H (o)
as |ti—t2] >0 and ||, —x,||—0.

(3.1.4) ||K(x|¢,-)|| 45 bounded in H(xo) ®1.

(3.1.5) D(xq)50.

(3.1.6) K ,(xl t, s) exists and 1s continuous (uniform topology for x) in
H (xo) ® VES

(3.1.7) supi,.er IK,(x| t, s)| (and hence also supi.cr |K(x| t, s)|) is
bounded in every subset of H(x,) which is bounded in the uniform topology.
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(3.1.8) supscr varier [Ki(x|t, s)] is bounded in every subset of H(xo)
which is bounded in the uniform topology.

Then 1t follows that TT 1s Wiener measurable, and furthermore that if F(y)
is a Wiener measurable functional that makes either side of the following exist,
both sides exist and they are equal:

i F(y)dwy = fr ’ F(x + A(z] -)) exp (—2 f A(x ]| tyda(t)

T
- f [Ad=] ) ]2dt> | D(®) | dus.

In addition to this theorem we shall need the following lemma which is
almost identical with Lemma 1 of [2] in statement and proof.

LemMmA 1. Let A(xlt) be a functional of semi-smooth variation defined on
S®I, where S is an open convex subset of C, and let K (xl t, s) be the kernel of
its variation. Then if xoE S, we have

1 1
3.2) A(xl ) = A(xol f) +f dvfo K[z + (x — xo)vl t, s][x(s) — xo(s)]ds

for all (x, t)ES®I. Moreover the kernel K is completely defined in SQI? by
the functional A.

Finally, we state Lemma 2 as a trivial extension of Corollary 3 of Lemma
2 of [1].

LEMMA 2. Let 2 be a limit point of a set Z in a metric space S, let K (z| t,s)
be Borel measurable in (¢, s) for each 2EZ on 0<t, s<1, let K be bounded on
ZQ1I? and let lim,.,, K(z]t, s)=K(¢, s) on 0<t, s<1. Then lim,.,, D(z) =D,
where D(3) and D are respectively the Fredholm determinants associated with
K (zlt, s) and K(¢, s), with parameter \= —1.

4. Statements of the restricted theorems. Before proving Theorems 3 and
4 we shall have to prove the following two weaker theorems.

THEOREM 3a. The conclusion of Theorem 3 holds if we add to the hypothesis
the assumption

(4.1) var [K(x| ¢, 5)] is finite and is bounded on So ® I.
€1

THEOREM 4a. The conclusion of Theorem 4 holds if we add to the hypothesis
that condition (4.1) is to hold in S(xo) for each xq in T'.

5. Behavior of the smoothed A and its kernel. We shall next prove some
preliminary lemmas that will be used in establishing Theorem 3a, which is
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the crux of the paper. In this section we shall prove Lemmas 3, 4, and 5, which
give the behavior of a suitably smoothed modification of A.
NoraTiON. Let

(5.1) , A‘(xlt) = A(x] 0 —A,(x|0)

where A, has the meaning given by the e-subscript notation defined in (1.9). Let
T« denote the transformation

T y() = 2() + A= ] 9);
and let A°, K° T°, and D°® denote A, K, T, and D respectively.

LEMMA 3. Let A(xl t) satisfy the hypotheses of Theorem 3. Then there is a
concentric subsphere Sy of Sy and a positive number € such that if x{ €S and
0<e<e, A‘(xl t) 1s of smooth variation in some Hilbert neighborhood H.(x¢ ) of
xd . Moreover if (x,t, s)EH(x{) Q@I2, the variation kernel K¢ of A¢ is given by

S Ke(zl|t,9)

1 min (s+e,1) t+e €
(5.2) = _2f {f K(xel 7, w)dr —f K(x,| 7, u)dr} du.
€ 8 t 0

Proof. As a preliminary step we notice the following result which will be
of use in other lemmas as well as this one. Let 7o be the radius of .Sy and let S;
be the uniform sphere of center xo and radius 7,/3. Let x,.(t) be the lower
e-smoothing okao(t) choose >0 such that | | , Xo .—xo[ | l <r¢/3 if
0<e<e; and let H.(xd ) be the Hilbert sphere of radius (ro/3)e1/2 about x( .
Then if 0<e<e¢ and x{ €1, we have

(5.3) x € H(x0) > x € So.
For

[ we = ol [ = ] 2= a0l [+ 111500 = mocl [[+]]] 20 = 2] |1,

and, using the Schwarz inequality for the first term, we see that each term
on the right is less than 7/3 under the given circumstances. It is to be noted
that the radius of S; (namely r,/3) is independent of €; and it should also be
noted that if x€H.(x¢) we have that A(x.lt) is defined and A(y|?) is of
semi-smooth variation in a set containing y =x,.

We next show that A‘(xl t) is of smooth variation in H¢(x¢) and compute
its kernel K‘(xlt s). Using the definition of A¢in (5.1) and (1.2), (1.3), (1.8),
(1.9) and the fact that K(x]s, u)= K(xls, 1) on 1Ss<® and y()= 0 if
t <0, we have for (x, 9, t) EH.(xd )QCR T

sA(x| t| ) = oAz t] y) + (x| O] 9),

a 1 t+e 1 t+e
6A¢(x|.tl y) = :3;{?]: Alxe — vyel T)d‘f}] . = —e—j‘t 8A(xe| Tl y.)d*r‘
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_1 f - f " K| 1) yew)dudr

- _f {f (s)d‘f K(x| , u)dr} du
= fo y(s)ds f m (m'l)du f‘ K (x| 7, w)dr.

Thus 8A¢ is of the form (1.3) with kernel K¢ given by (5.2), and it follows
from the hypotheses on K that K¢ is continuous in (x, £, s) throughout
H.(x{)®I? whenever x§ €S; and 0 <e<e. This completes the proof of the
lemma.

In the following lemmas (4—7), the notation introduced in connection with
Lemma 3 will be maintained, and it will be assumed in all of them that
A satisfies the hypotheses of Theorem 3. :

LEMMA 4. If B denotes an upper bound for K(x|t, s) in So® I?, we have
| K«(x|t,5)| < 2B for (x, 4,5, ES1 @ I* ® [0, &1) and .

for x € Ho(xo) with (20,8, 5,¢) ES1® I* ® (0, e1).
If xd €51 and 0<e<e, then A‘(xl t) and K‘(xl t, s) satisfy conditions (3.1.1)—

(3.1.4) and (3.1.6), (3.1.7) (with x{ replacing x, and H, replacing H). Moreover
if K satisfies condition (4.1), K¢ satisfies condition (3.1.8).

Proof. The inequality (5.4) follows trivially from (5.2), (5.3). Each of the
conditions can be verified in a straightforward manner, and we shall therefore
carry through the verification only for the most difficult one, namely (3.1.3).
We observe

||K‘(x1| tl, ) - K‘(le tz, )“ § l l I K‘(x1| t1, ) - K‘(le tz, ) I H

(5.4)

1 min (s+e,1) t1+e
= — sup f { f K_(xl,el T, u)dr
€2 =3¢ t
tat+e € ’ . .
_ K(xg,el 7, w)dr —f [K(x1,¢| T, %) — K(xz,¢| T, u)]d-r}- du|
lz
(5.5) 1

IIA

tate
f K(%1,e| 7, w)dr — f K(%1,| 7, w)dr | du
t

t1+e

+7f duf | K(#1.e| 7, %) — K(%2,e| 7, w) | dr
€ 0 ty

1 1 €
+ —2f duf | K(xl,.l T, %) — K(xz,.| T, %) l dr.
€ 0 0

Now the first term of the last member does not exceed 26‘3| tz—tll B, and by
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the Schwarz inequality each of the last two terms of the last member of (5.5)
does not exceed

1 1
- f K| 7, ) — K| 7, )l|dr.

Hence by (1.14.3) and (1.14.4) and the principle of bounded convergence it
follows that the last two terms of (5.5) approach zero uniformly for x, x,
EH.(x{) as ||#1—x,||—0. Thus (3.1.3) holds in H.(x¢). This concludes the
proof of Lemma 4.

LEMMA 5. We have
(5.6.1)  lim K(x|t s) = K(wo|t, s) uniformly for (¢, s) € I

%

(5.6.2)  lim [K«(x|t s) — K«(%o| ¢, s)] = O uniformiy for (¢, s) € I%;

0t 270

(5.6.3) Lim Ke«(y|t,s) = K(x|t,s)if (x,8,5) ES1® {0<t, s <1};

0t y—oz

(5.6.4) lim A(y| ) = A(x| 2) if (%, t) € S1 ® I uniformly in t for each x;
07 y—z

(5.6.5) lim D«(y) = D(%) if x €S\

0" Yy
Here D¢ denotes the Fredholm determinant associated with K.

Proof. Since A is of semi-smooth variation, K‘(xlt, s) is continuous in
(x, ¢ 5) in So® {0§t§s§1} and hence for each x in S, it is continuous in x
uniformly with respect to (¢, s) in {og t=s=1 } The same is true for
K’(x|t, s) in {0<s<t=<1} and for K!+K?on the diagonal {0§s=t§1}.
Hence for each x in Sy, K (xl t, s) is continuous in x uniformly with respect to
(¢, s) in I?, and in particular, (5.6.1) is established. Moreover, as x—x, and
e—0%, we have x9,,—x¢ and x.—x, and K(xo,,lt, s) and K (x,|t, s) both ap-
proach K(xol ¢, s) uniformly in ¢, s. Thus K(xel t,s) —K(xo,¢| t, s)—0 uniformly
in (¢, s) in I?, and (5.6.2) follows from (5.2) and (5.6.1).

Again, if 0<¢, s<1 and x, y&€S; and 0 <e<min (e, 1—5), we have from
(5.2)

1 at+e t+e
K(ol1,9) = Kaln9) = 5 f f [K(y.| 7, 4) — K(=| 1, 5))drdu

(5.7
1 s+e €
- —f f K(yel T, #)drdu.
eJ, 0

Since K is continuous in (x, ¢, s) when ¢5£s and since K (x[ 0, s) =0, it follows
that the two averages in the right member of (5.7) approach zero as e—0+
and y—x (in the uniform topology), provided ¢#s. On the other hand, if
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t=s, we have K=K!/2+4 K?/2 and hence for 0 <e<min (e, ¢, 1 —¢), 0<t <1,
and x&.S; we have

K(y|t ) — K(=

1 t+e u
L) = e_2f f [K'(y.| 7, u) — K}(x] ¢, £)]drdu

1 t+e t+e
+ —,,f f . [K2(y.l T, %) — K”(x| t, 8) |drdu
€ t u

1 the e
— -—f f K‘(y.l 7, u)drdu.
€2 t 0

As before, the averages on the right approach zero as e—»0t and y—x, and
hence, whether {=s or not, we have (5.6.3). Moreover it follows from (5.6.3),
(5.4), and Lemma 2 that (5.6.5) holds.

Finally it follows from (1.14.1) that A,(x]t) is continuous in (x, ) on
So® I uniformly in ¢ for each x, and by integration on ¢ that the same is true
for A. Thus for each xE.5;, A(y;ls)—>A(x|t) uniformly in ¢ as y—x, s—t, and
e—0%; and hence A.(yl t)——»A(xI t) uniformly in ¢ and (5.6.4) holds. Thus the
lemma is proved.

6. Behavior of smoothed transformations. We shall now study the
smoothed transformation

(6.1) Te: y(t) = x(t) + A(x] o).

In the following two lemmas, the notation used in Lemma 3 and the hy-
potheses of Theorem 3 will continue to be understood.

LEMMA 6. There is a uniform concentric subsphere S, of S1 and a positive
€ =€ such that T takes S; into TS, 1n a 1-to-1 manner for each € on 0 ZeZe..
The radius of Sz is independent of e.

Proof. Consider the transformation

Ty: y(t) = x(t) + Ax(x]| 8),

where
€ € 1 €
(6.2) Al(x| ) =A (xo| 1) +f K (xo| t, s) [2(s) — xo(s)]ds.
0

Now by (5.6.5) and (1.14.5) we can choose a positive ¢/ <€, a concentric
subsphere Sy of S;, and a positive number ¥ such that

(6.3) | De(x) | > v >0 if xES{ and 0 < e < ¢f;

so it follows from Fredholm theory that the linear transformation 7; has a
single-valued inverse (73)~! over C given by
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(T 2() = 9(t) — A"(wo] 0) |
6.4 1
(©-4 [R50 = ) — Kt )i

where k¢(¢, s) is the Volterra reciprocal kernel of K‘(xo| t, s) and hence satis-
fies for 0<e=<es

1
(6.5) #@g+Kwuag=—fkwwmmﬂ%gm
0
It is easy to show by integral equation theory that k¢(¢, s) is bounded for

(¢, s, € EI*Q® |0, € ] since we have already shown in (5.4) and (6.3) that
K‘(xolt, s) and [De(x,) ]! are. Let

(6.6) | Be(t, )| < B,  for (4,5, EI2® [0, & ].
Now let

6.7) Ty = (T) T,

so that

Ty 2(t) = () + As(x] )

where

Ax(x|8) = A'(x] ) — A'(20] 2)

(6.8) + fl k‘(t, s) [x(s) + A‘(xl s) — xo(s) — Ae(xol S)lds.

We shall now obtain a Lipschitz condition for Aj.
To estimate the increment of A* as x changes, we apply Lemma 1 to
A'(xl t) and obtain for x, x’ €S/

Ii(f) = A4z | ) — A«(«'| %)

(6.9) 1 e
— d e[ ! A o ds:
fo vfo Ke[o' + (x — o")o| ¢, s][x(s) — «'(s)]ds

and from (6.8) it follows .that
(6.10) As(x| ) — Aa(a'| &) = L) + Ia()

where

(6.11) I,(t) = fl ke(t, s)[x(s) — «'(s) + Ii(s)]ds.
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Substituting (6.9) in (6.11) we have

I,(t) = fl ke(t, s)[x(s) — «'(s)]ds

+ f l ke(t, s)dsf 1 K‘(xol s, u) [2(w) — «'(u)]du
(6.12) ’ ’

+f0l ke(2, s)dsfol dvj;l [Ke(z" + (2 — x’)vl S, W)
— K«(%0] s, #)][x(u) — «'(u)]du.

Simplifying the second term of the right member of (6.12) by means of (6.5),
cancelling the first term with one of the resulting terms, and substituting in
(6.10), we obtain (using (6.9)),

Ax(x] £) — As(s'| 2)

=f1 dvj'l [Ke(z" + (2 — x’)vl t,s) — K‘(xo[ 4, 5) ] [x(s) — '(s)]ds

1 1 1
+f ke(2, s)dsf dvf [Ke(x' + (2 — x’)vl S, )
0 0 0
— K«(%0| s, w)][2(u) — «'(u)]du,
so that from (6.6) it follows that
6.13)  [[|Ax(=] ) — as('| ) ||| = A+ B[] = = #'| || G(= &)
where, for x, x’ €S/,
1
(6.14) G(=, x') = Slép] | Ke«(x' + (x — x’)vl ts) — K‘(xol ts) I ds.
.8 0

We next seek to estimate G(x, x’) in the neighborhood of x,. We note
that forvE1,

I + (& = 0] = 2| || S of[| 2 = o] || + (1 = ) [[| & = ]|
s max ||| 2 = awl[], ||| 4" = wl[] ]

so that we have from (5.6.2) and (6.14) that G(x, x')—0 as x—x,, x'—x,, and
e—0+%. We can therefore choose a concentric subsphere S’ of S;and a positive
number e <€/ such that

1
Gz, &) £ ——— when z, ' €54’ and 0 < ¢ < ¢,.

6(1 4+ By)
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. Thus we have for 0 Ze=<e,

(6.15) HAxe| ) = s [ )] s #[[1a =[], =o' €SS

The radius r¢’ of S¢’ is independent of e.

We have obtained a Lipschitz condition for A3, and we shall now show that
a transformation can be defined which agrees with A, in the neighborhood of
%o, is defined over the whole of C, and satisfies a Lipschitz condition with
multiplier less than unity. This will enable us to apply Lemma 2 of [2] and
show that the new transformation takes C into C in a 1-to-1 way.

Let the transformation T3 be defined over the whole of C for 0 Se=<e
as follows:

(6.16) Ty: 3(t) = 2(t) + As(x| 0)
where

(6.17) As(z] 1) = Ma(x | W@ ||| % — 2] |])
and

(6.18) 0=2/ri

and Aj; is defined in any arbitrary manner where it is now undefined(?), and
1 if =1,
(6.19) vw) =1{2—u if 1Sus2
0 if 2=<u
We note that the function y satisfies the Lipschitz condition
(6.20) | W) — W(wa) | < | w1 — s

for non-negative u;, u;. We shall show that for all sufficiently small e, Aj
satisfies the Lipschitz condition

(6.21) [ sG] ) = Asa [ [ = 312 = =[], %, & €C.

To show this we assume without loss of generality (because of the symmetry
of (6.21)) that

(6.22) HEEEIN I EEE P
From the definition of A;(xl t) we have that

(6.23) [ Asx] ) = 3’| ) []] = @1+ 0

where

(%) The values of A{ outside S;’ are of no significance because we have chosen 6 so that
v(0] | |x—2x0] | |) is zero there.
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(6.24) 01 = ||| Ax(x| ) — Aa(w | )| [[w@]]]| x— %] |])

and

6.25) Qa = || A& [ [ {[9@][] 2 = m|[[) = @[] & = m][]).

From (6.24), (6.15), (6.18), (6.19) we have for all x, x' €C satisfying (6.22)
and for 0=<e=e,

(6.26) Q== — ]

(as one sees by taking the cases x &€S4’ and xSy’ separately). Next we note
from (6.8) that A;(xolt) =0 and from (6.25), (6.15), (6.20) we have for all
xEC and ¥’ €S{’ and for 0 Ze=<e,,

Qzé%”'x'—xolll‘OIH‘”—-”"IIH’

so that from (6.18), (6.25), (6.19) we have for all x, x’ € C satisfying (6.22)
and for 0<Ze=<e,

(6.27) Q= 4|]]x— o]

(as one sees by taking the cases ' €S54’ and x'€.S;’ separately). But (6.23),
(6.26), and (6.27) imply that (6.21) holds whenever (6.22) holds, and by
symmetry it follows that (6.21) holds for all x, x’ €C, provided 0 <Ze=<e.

Now the Lipschitz condition (6.21) allows us to conclude from Picard’s
theorem (see Lemma 2 of [2]), that T} takes C into C in a 1-to-1 manner.
Moreover, from (6.17) it follows thatA;,(x] t) =A;(x| t) whenever:ﬁ(el | lx—xol I I)
=1, so that by (6.16), (6.18), (6.19), we have

(6.28) Ta(%) = Ts(%)

if0<e<e and x&.S,, where S, is the open sphere of radius 7, =77 /2 about x,.
Thus

(6.29) T3S, = T3S, 0<e=<e,

and Tj takes S; into T3S, in a 1-to-1 manner, so that

(6.30) Ty =Ty  HyETS,0Se< e,

where the left member of (6.30) is understood to be that value of the inverse
which lies in Sz, and there is obviously only one such value. Moreover, since
T; takes C into C in a 1-to-1 manner, it follows that 7} takes T3S; into
T3T3S: in a 1-to-1 manner; or since T;7s=T* by (6.7), we have that T takes
S, into TS, in a 1-to-1 manner. Thus the lemma is established.

LEMMA 7. For 0<e=e, the sets T°S; are open. Moreover there exists a uni-
form sphere U with center Txy in the image space and a positive €3 = e, such that
UCT*S: for all € on [0, €3]. The radius p of U is independent of e.
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Proof. We first note that (77)~! also satisfies a Lipschitz condition through-
out C; specifically, for 0=<e=<e and vy, y'EC we have

©.3) @y - @y sa+By|lly -yl
For we have from (6.4) that

@W&—@WW=y—y+ﬁkwmbw~ymm,

and (6.31) follows froml(6.6).
Next we note that (73)~! also satisfies a Lipschitz condition throughout
C;for 0=e=<eand y, ¥ EC, we have

€ —1 €. —1

(6.32) @™y — @y = 2]y = ¥l
For we have from (6.16) and (6.21),
e =[] = 1] Th = Aie] ) = T3+ a3 | ) ]
||| 7o — T3 ||| + 3] || = = &[],
and on transposing the second term of the right member and replacing x and
x’ by (T3)~'y and (T3)~’, we obtain (6.32).

Now (6.31) and (6.32) obviously imply that for 0 <e=<e and y, ¥ EC we
have the following Lipschitz condition for (T;7T3)~!:

€ _¢€ —1

(6.33) 1 @T) ™y = @y "y ||| = 2y = ¥,

whereA =2(14B,). Hence | | , (T3T3) Yy —'xol I | is a continuous function of y on
C, and the set where it is less than 7, is open. Thus T;T3S; is open, and from
(6.29) and (6.7), it follows that TS, is open when 0 Se=<e,.

Finally, let us choose p=7,/2\ and

U={yec: |||y—Txnl||<n}
and by (5.6.4) let us choose a positive €3 <e¢; such that
||| A(xo] ) — ACxo| ) ||| < p when 0 < ¢ < .
Then when 0 <e=<e; and yE U, we have by (6.33), (6.28), and (6.7)

€ ¢ —1

(T "y = = ||| S M|y — TiTim]| |
=y = TiTom| || = M|y = T'x |||
Sy = Tao| ||+ M| T2 — T'x0 ]|
<M+ Al ) = Ao | ]| = 200 = 7.

Thus for 0 <e=<e; we have by (6.29) and (6.7) that
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y E U (TiTy) 'y € Sa> 5y € TiT3S:> y € TiT2S:> y € T'S,

and the lemma is proved. ,

7. Proof of Theorem 3a. We now proceed with the proof of Theorem 3a,
dividing the proof into a number of cases.

CASE 1. For this case we make the following additional assumptions: I'=S
=.S,; and F(y) is bounded and continuous in the uniform topology and vanishes
outside the sphere U defined in Lemma 1.

To establish Case I, we first note that the conclusions of Lemmas 3-7
concerning A¢, K¢, and D¢ all hold; and Lemmas 3, 4, and 6 (including state-
ment (6.3) of Lemma 6) imply that the hypotheses (and hence the conclu-
sions) of Theorem A hold for the transformation T in S, when 0<e=Ze;,.
Thus we have that TS, is Wiener measurable and that

(7.1) F(y)dwy = F(Tx)e~#® | D«(x) | dot,
TS, S

where

(7.2) Be(x) = fo l [% A‘(xle):rdt +2 fo 1 [% A‘(x|t):| dx(t).

But by the assumption, F(y) vanishes outside U and by Lemma 7 we know
that U is contained in both TS, and in T'S; (=T17°S.), for 0 <e<e€;. Moreover
T'S; is Wiener measurable, since by Lemma 7 it is open. Thus for positive
€<e; we have

w
T‘Sg

so that by (7.1),

(7.3) F(y)dwy = F(Tx)e™@ | D<(x) | dox.
TSy S

F(y)doy = f ’ F(y)doy = fTs F(y)dwy,

Let us now take limits in (7.3) as e—0%. Since the left member is inde-
pendent of ¢, it is unchanged, and we shall seek to show that the right mem-
ber approaches the right member of (7.4) below, which will then be estab-
lished.

(7.4 f ’ F(y)duy = f ’ F(Tx)e*® | D(2) | dux,

T8: Ss

where

(7.5) P(x) = fo l [% Az | t)]zdt +2 j; l [% Az t)] d*x(b).
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To establish this, we note that F(T)— F(Tx) boundedly, since F is bounded
and continuous and (5.6.4) holds. Moreover D¢(x)—D(x) in S: by (5.6.5),
and the approach is bounded since, by (5.4), K¢ is uniformly bounded. Thus
(7.4) will be established and Case I will be proved when we show that
(7.6) lini o (x) = P(x) for almost all x in .Sy,
0
and the limitand of the left member of (7.6) is bounded below.
To establish (7.6), we first note from (1.14.1) that for all x in Sy

7.7 Lll:i j; l [a%m(xlz)Tdt = fo 1 I:-(%A(xlt)]zdt;

and of course the limitand of the left member is bounded below. We next
proceed to establish for almost all x&.S,

(7.8) 1_1{3 01 [g; As(x | t)]dx(t) = fo 1 [a% el t)] d*x(t),

together with the fact that the limitand of the left member is bounded below.
To do this, we must study the relationship between [0A(x|f)/dt]. and
OA¢(x|t)/d¢t or the equal quantity dA.(x|f)/dt. Since differentiation and
smoothing operators are commutative where they apply freely, these two
expressions must be equal on [0, 1 —¢); but since for £>1 we must interpret
A(x|t) and A,(x| t) as A(xl 1) and A,(x| 1) respectively in taking smoothings,
the smoothing of the derivative exceeds the derivative of the smoothing by
(t+e—1)e‘1A,(x¢| 1) on (1 —e¢]. Thus we have for tE1, t%1—e¢,

max [t +¢— 1,0]

[iA(x“)] —-—a—A‘(xlt)= Az 1)
at . o Arel oo
and
1 a a
fo {[5; Ax] t)l - A«(x| t)} dx(1)
1 1
(7.9) == (t + ¢ — Ddz(t)A(x]| 1)
1 1
= {x(l) - — x(t)dt} A,(x.l 1).

But it is clear from (1.14.1) and the continuity of x(¢) that the last member
of (7.9) approaches zero as €—0%; and hence (1.14.6) and (7.9) (together
with the definition of a functional principal value, (1.10)) show that (7.8)
holds for almost all x in' S,. Finally (7.7) and (7.8) show that (7.6) holds
almost everywhere in S, and (1.14.7) insures that the limitand on the left of
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(7.6) is bounded below. Thus (7.4) follows from (7.3) by bounded conver-
gence, and Case I is established.

CAsE 11. For this case we make the assumption that F(y) is the characteristic
functional of an interval

J: o < x(t;) < B;

(7.10)
O<th<tz<--+<tyS1;,— 0 Za;SB; S+ ),

and that T'=S=S3;, where S; is an open sphere about x, of radius r;<r; such
that TS;C U. The fact that such a sphere exists follows from the continuity of
Tx. (See (6.7), (6.15), and (6.2).)

In order to establish Case 11, we apply Case I to the functional

N
(7.11) Fo(9) = doal ||| (11T y — w0 || [) IT 65.0(3(8:))

i=1
where ¢;,,(#) is a continuous “trapezoidal” function which equals zero out-
side the interval a; <u <f;; equals unity on the interval

ajtnsusp;—n

and is linear on the remaining intervals; and for the case j=0 we take
og=— o, Bo=r; Since (T,T;)~! satisfies the Lipschitz condition (6.33)
throughout C, F,(y) is continuous throughout C; and since Ty = (T,T3)" 'y
on TS, by (6.30) and (6.7), it follows that

N
Fy(3) = o0 (||| Ty = 2| [N 1 5a(y(t))  if ¥ € TS
=1
Thus F,(y) vanishes outside T'S;, and consequently outside U. Hence the
extra conditions of Case I are satisfied if we take its I'=S,, and we have
(7.4) holding with F replaced by F,.
Now notice that F,(y) increases monotonically as 7 decreases, and that

lim F,(y) = F(y)xrs,(%),
-0+

where for any set E, xz(y) denotes the characteristic functional of E. Thus, by
monotonic convergence, we may take the limit as 7—07% on both sides of (7.4)
with F, replacing F, and we obtain

(7.12) F(y)dyy = f F(Tx)e?® | D() | dus.
T3, 8

Thus Case II is established; and in particular it has been established that
F(Tx) is measurable on S;, or that S3"\T—1J is measurable. We also call
attention to the fact that a somewhat similar argument establishes the meas-
urability of T(JMS;). For we note that the characteristic functional of this



572 R. H. CAMERON AND R. E. FAGEN [November

set is

N
lim o.,(| || (T1T9)""y — x| || ) I 6ial(T:1 T8~ 190 ],
10+ =1
and hence is measurable.

Cask 111. For this case we make the assumption that F(y) is the character-
istic functional of a measurable set G in C. To establish this case we choose
S=.3; and we first consider the subcase in which I'=S. Thus if G is an
interval, this subcase reduces to Case II, and is established. If G is the union
of a countable set of intervals, the theorem holds for each interval, and hence
by monotone convergence for G. If G is the intersection of a countable set of
unions of countable sets of intervals, the theorem again holds by monotone
convergence. If G is a null set, it is a subset of a null set of the preceding type,
and the theorem follows trivially. If G is an unrestricted measurable set, it is
the difference of sets of the two preceding types, and the result again follows
trivially. Thus the subcase in which I' =S is established.

To establish Case III in general, we must show that for a measurable set
I'CS, the transformed set TT is also measurable. But this was shown at the
end of Case II for sets I' of the form JN\S, where J is an interval; and our
theorem therefore holds for T' of this type, since we can apply the subcase
to the functional

xenrwns)(y) = F(y)xruns ().

The proof of Case III is completed by simply enlarging the class of sets J
from intervals to measurable sets as we did for G in the subcase.

Cask IV. The general case. We now enlarge the class of functionals from
characteristic functionals of measurable sets (for which the theorem was
proved in Case III) to general measurable functionals. This can be done in
the usual way, extending first to simple functionals, then to non-negative
measurable functionals, and then to general measurable functionals. Thus
Theorem 3a is established.

8. The proof of Theorem 4a. In order to prove Theorem 4a, let us first see
what Theorem 3a enables us to conclude. If x, is any point of our set T,
then there exists a uniform neighborhood S(x,) contained in Sy(x¢) such that
the desired transformation formula holds for any Wiener measurable subset
of S(x); and the transformation T takes this subset into a measurable set.
Now let x, %3, - - - be a countable set of points of I' whose neighborhoods
S(x1), S(xs), - - - cover T'. (Since C is a separable metric space in the uniform
topology, any covering can be reduced to a countable covering, and therefore
such a set {x,} exists.) Then I'CUy, S(x.), and if T',=I'"\S(x,), we have
I'=U;_, T'.. The desired transformation formula (1.15) applies to each set(%)

(%) It is understood that U,_,Tx denotes the empty set.
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I.—UiZil (n=1,2, - - -), and the transform of each of these sets is measur-
able. Since the Wiener integral is completely additive for non-negative inte-
grands, we may sum over z# and thus obtain the measurability of TT and the
validity of (1.15) for non-negative F(y). The extension to general F(y) is
immediate, and Theorem 4a is proved.

9. The proofs of Theorems 3 and 4. We shall show that Theorem 3 fol-
lows from Theorem 4a in the same way that Theorem 3a follows from Theo-
rem A. We first note that under the hypotheses of Theorem 3, Lemmas 1-7
still hold, except that in Lemma 4 we can no longer conclude that K¢ satisfies
condition (3.1.8). In particular, we fote from Lemma 6 that T takes S; into
TS, in a 1-to-1 way. We now take S, to be the I" of Theorem 4a.

We next verify that when 0 <e<e;, A¢ and K¢ satisfy the hypotheses of
Theorem 4a; i.e., that they satisfy the hypotheses of Theorem 3 as well as
Condition (4.1) in a neighborhood So=S¢(x¢) of each point x; of I'=3S,.
By Lemma 3 we know that A¢ is of smooth variation in some Hilbert neigh-
borhood H.(x4) (and hence also in some uniform neighborhood S.(x¢) of
each point xJ of Sz), and that (5.2) holds. Clearly we can choose the S.(x{)
so that each of these spheres is contained in the open sphere S,, and we then
take Se(x(¢) to be the desired So(xd). By Lemma 4 and by (6.3) of Lemma 6,
we know that (3.1.1)—(3.1.7) hold in H.(x{) for x{ €S., and hence that
(1.14.2)—(1.14.5) hold for A¢ and K¢ in S.(xJ) whenever xy €S,. It is easy to
see from the definition of A¢ that it satisfies (1.14.1) in S(x¢), using the fact
that A satisfies (1.14.1) by hypothesis.

Next we show that A¢ satisfies (1.14.6) in S.(x7). We note that
(‘)A‘(xl £) /0t satisfies the hypotheses of Theorem 1, since it equals [A(x,l t+e)
—A(x|t)]/e and

9 d
var [5 A(y]| t) — a_tAe(x| t)]
9.1)
1 pt
= T»fo |At(ye[t+ € — At(xell+ € — Adye] ) + At(xel t)ldl.

Since, by (1.14.1), A,(x[t) is continuous in (x, ¢) on Sy ® I it follows that it is
continuous in x uniformly with respect to ¢, and hence that the right mem-
ber of (9.1) approaches zero as y—x. (Actually the right- and left-hand
derivatives of A(x| t) may be different at t=1, but this causes no difficulty.)
We thus have in S.(x{) the existence of the functional principal value of the
Stieltjes integral of dA¢/d¢ and the equality

19 19
9.2) fo 5Ae(x| Dd*x(f) = fo —a—tm(xl £)da(o).

Thus A¢ satisfies (1.14.6) in S.(x7).
To show that A¢ satisfies (1.14.7) in S¢(xJ), we must show that for each
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fixed €, on 0 <e=e€;, and for some positive number ¢ (which can be conven-
iently chosen to be the ¢ defined in Lemma 3),

(9.3) fo -gt— { [A‘(xl £)]e }d=(2)

is bounded below in x and € on S.(xJ)®(0, &). But clearly the expression
(9.3) can be written

1 1
— f {Ad(ze | £+ €) — Ad(xe | £) }da(t),
€ 0

where our convention requires that the first term in braces be Ae(x,:| 1)
when ¢+¢ > 1. Integrating by parts, we find that (9.3) is equal to

1 ! )
- 7f0 x(t) P {Adze | ¢+ €) — A(xe | ) }at

1fw =)L ag It)dt+1fl O 2 Ao | Dt
_— x(t — — A(xe _— X Nl Xe
e Jo ‘ ot e Jo ot

193
j; P A(xe I tdxe(t).

Thus expression (9.3) is simply the expression in (1.14.7) with x replaced by
%xe. Thus by (1.14.7) we have that (9.3) is bounded below in ¢, €, and x if
0<e<e and x €S,. But now if 0 <¢’' <e, we have by the first paragraph of
the proof of Lemma 3 that | l Ixo,y—xol | | <r¢/3, and hence thatif x&.S;,
|Hx¢'—xo| | l <2ro/3 and x+ES,. Also we have S.(x5) CS2:C.S;, so (9.3) is
bounded below in the desired region;i.e., when 0 <e=e€; 0 <€ <€, x ESe(x),
and x}E€S.. Hence A¢ satisfies (1.14.7) in the proper sense.

Finally, we note that (4.1) is satisfied by K¢ in S.(x;) ® I when 0 <e=<e;.
This follows readily from (1.14.4) and (5.2), since

] 1 min (s+e,1)
—K‘(xlt,s)=-—f {K(x|t+ ¢ u) — K(x| ¢, 4)}du
ot eJ,

and

119
var; [K'(xl t,s)] = f ‘— K‘(xl ¢, s)|dt.
o | Ot

Thus the hypotheses of Theorem 4a are all satisfied, and we may employ it in
proving Theorem 3 exactly as Theorem A was used in proving Theorem 3a.
The conclusions of Theorems A and 4a are now identical because of (9.2),
and the extra hypothesis (4.1) of Theorem 3a is nowhere else used in the
proof. Thus Theorem 3 is established,
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Theorem 4 follows from Theorem 3 exactly as Theorem 4a follows from
Theorem 3a, and is therefore also established.

10. Conclusion. We close this paper by pointing out that Theorems 3 and
4 are strict generalizations of Theorems IV and V of [2]. This can easily be
verified if the reader keeps in mind (1.8) of [2], as well as Theorem 1 and
formula (7.9) of this paper.
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